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Preface

This handout is a work, mainly intended for first year Electrical and Energy Engineering
students, but also for all first year students in technological and scientific fields, we
address the first year algebra program. The courses are presented in a very clear way
with many examples which allows the student the best understanding of the program. At
the end of each course, exercises with detailed solutions are offered.
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1.1

Propositional logic
Propositions (Assertions):

- In mathematics, the propositions are denoted by P,Q,R,---, these are propsitions that
can be judged as true (we denote by 1 or T') or false (we denote by 0 or F).

= Exemples 1.1 1) "All even integers are divisible by two" is a true proposition.
2) "4 is an odd number" is a false proposition.

Définition 1.1.1 0 and 1 are called truth values.

Logical connectors

A Conjunction PAQ P and Q.
\Y, Disjunction PVvVQ PorQ.
— Negation P not P.
—> | Implication (Conditional) P—=— Q | Pimplies Q
. . .\ P if and only if (iff) Q.
<= | Equivalence (Biconditional) | P <= Q Pis equivalent to 0.

= Exemples 1.2 P: The sine function is not one-to-one (Injective).

Q :The square root function is one-to-one correspondence (Bijective).

R :The absolute value function is not onto (Surjective).

The following symbols represent the indicated propositions:

R: The absolute value function is onto.

PV Q: The sine function is one-to-one, or the square root function is not one-to-one
correspondence.

Q — R: If the square root function is one-to-one, then the absolute function is not
onto.
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R <= P: The absolute value function is not onto if and only if the sine function is
not one-to-one.

P A Q: The sine function is not one-to-one, and the square root function is one-to-one
correspondence.

Valuations and Truth Tables

Propositions have truth values, but propositional forms do not. This is because every

propositional form represents any one of infinitely many propositions. However, once a

propositional form is identified with a proposition, there should be a process by which the

truth value of the proposition is associated with the propositional form. This is done with

arule v called a valuation. The input of v is a propositional form, and its output is 7 or F.
Suppose that P is a propositional variable. If P has been assigned a proposition,

1 if P is true
V<P)_{ 0 if P is false °

For example, if P:=2+3 =5, thenv(P) = 1, and if P:=2+3 =7, then v(P) = 0.
Définition 1.1.2 Let P and Q be propositional forms.
The truth value of the negation of a proposition is the opposite of the truth value of that
proposition,
(P) = 0 if P istrue (or ifv(P)=1)

YWWE L if P ois false (or ifv(P)=0) °

The conjunction is true when both of its conjuncts are true, and false otherwise.
[ 1 ifv(P)=1andv(Q) =1
v(PAQ)= { 0 if not (otherwise).

The disjunction is true when at least one disjunct is true, and false otherwise.

{0 ifv(P)=0and v(Q) =0
v(PV Q)= { 1 if not (otherwise).

The implication (P = Q), (it reads also "if P then Q") is false only if P is true and Q is
false, otherwise it is true
[0 ifv(P)=1andv(Q)=0
v(P=0)= { 1 if not (otherwise).

The equivalence is true if P and Q have the same truth values

{1 P =v(Q)
(P = Q)= { 0 if not (otherwise). °
- The following truth table summarizes the above definition

P 1111010
0 110(11]0
P 00111

PAQO 110[0]0}|
PV QO 111110
P=—Q|1|0]|1]|1
P—=Q0|1|0]0]|1
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R

P/Q|R

111

P|Q 1{1]0

P 1|1 1101

Two rows{ 1 |— Fourrows<| 1 | O | — Eightrows<| 1| 0 | O | .....

0 011 0111

00 0|10

0|01

0/0|0

Properties:

Let P,Q and R be three propositions. Using truth tables, we can proof that the following
propositions are true:
1 [P Q] < [P <= 0]
2P =0 (P= Q)N (Q=P).
3[(P=0Q0)AN(Q=R)]=— [P=R].
Distributive Laws
4 PAN(QVR) < (PNQ)V (PAR).(the distribution of A on V),
5 PV(QAR) <= (PVQ)A(PVR).(the distribution of VV on A),
De Morgan’s Laws
6 PNQ<=PVOQ.
8 PVQ < PAQ.
9 [P= 0] < [PAQ].
Contrapositive Law
10 P— Q<= Q=—P.
Proof:
e Truth table associated of De Morgan’s Laws

PlOo|PAO|PAOQ|P|O|PVO
1] 1 1 0 [0]0 0
10 0 1 01 1
01 0 1 10 1
00 0 1 1]1 1

We see that the logical propositions (P A Q) and (P V Q) have the same truth values,
so they are equivalent. In the same way, we prove the other properties.
e Truth table associated of (9)

P 171700
0 1{ol1]0
P—oO|1]|0|1]1
P—0|0]1]0]0
0 |oj1|o0]1
PAO |0[1]0]0
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We see that the logical propositions (P = Q) and (P A Q) have the same truth values,
so they are equivalent
e Truth table associated of (3)

P
0
R
P=Q
Q=R
P—R
P—QOANQ—=—R
[P=—=QANQ=R|= [P =R]

el ) B e Bl e e M
—t | | | | = | O = =
| | | | e | O O =
—_ O O = O = = O
—_— O = = OO = O
it | et | | e | e | O O O

— OO O == OO

—_— O = O = =] O =

We see that the logical propositions [P = Q A Q = R] = [P = R] always true.
In the same way, we prove the other properties.

1.1.2 Quantifiers

In mathematics, there exists three logical quantifiers represented in the Table

Quantifiers Proposition | Description

is true if P(x) is true

V : The universal quantifier " for all" Vx € E: P(x) for all values of x in E

3 : The existential quantifier is true if P(x) is true

) ) Ixek: Px .
"there exists" or "there exists at least one" (x) for at least one value of x in E
18 true if there exists an x
) ) which is unique satisfying P(x
3!: There exists a unique NekE:P(x) 4 ying P(x)

It is false if this x does not exist or
if there exist several x satisfyingP(x)

= Exemples 1.3 :

1. The quantified assertion « Vn € N : (4 —n)n < 0 » is false since there exists an
elementnin N (We taken =0,n=1,n=2,0orn=3)« (4—n)n <0 ».

2. The quantified assertion « 3x € R : x* = 81 » is true because there exists at least

one element in R which satisfies x* = 81. This is the case for the two real numbers -3 and
3.

- Following the expression “Who can do more, can do less”, it is clear that the quantified
assertion “Jx € E: P(x) ” is automatically verified when the quantified assertion “Vx € IE :
P(x) » is. For example, the quantified assertion

« Ix € [-3,3] : x =9 < 0 » is true since the quantified assertion « Vx € [—3,3] :
x2—9 <0 »is true.

Negation of a quantified proposition
. e E: P(x) <= Ix € E: P(x)

2. xeE:Px) <= VxcE:P(x)
3. Ax€E: P(x) <= Ix € E: P(x) Axis unique <= dx € E : P(x) V x is unique
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Important rules
. Vxe E,¥y e F: P(x,y) <= VyeF,Vx€E: P(x,y)
2. xeE,3yeF:Plx,y)<=3dyecF,IxcE: P(x,y)
3. VxeE, 3y eF: P(x,y) ¥ JyeF,VxcE: P(x,y)
= Exemples 1.4 : Let U and V be two sequences
1. Vn € N: U, =V,. The negation of this proposition is In € N : U, # V,,.
2. dln € N: U, = Vj. The negation of this proposition is
Vn e N:U, # Vyor I(ny,np) EN?: Uy, = Vo AUy, = Vo
3. Vn e N,dm € N : U, <V,. The negation of this proposition is: dn € N,Vm € N :
Uy, >V

Types of reasoning in mathematics
Proof by Contrapositive
Since, for two propositions P and Q, we have

[P= Q] <= [0 =P]

So, for show that P —> Q, It is enough to show that @ — P.

= Exemples 1.5 : By using the proof by contrapositive, we prove the following proposi-
tion:

Vn € N : n? is even number —> 7 is even number.

For that, proof that

Vn € N : n is even number = n? is even number,
In other words
n is odd number = n” is odd number .

Let n € N. Suppose n is odd number. This means that dp € N such that n =2p + 1.
Then we have:

n?=2p+1)>=22p* +2p)+1=2q+1,g€N.
So n? is odd number. Then prove the proposition.

Proof by the absurd

For prove that a proposition P is true, we assume that P is true and we deduce a contra-
diction.

= Exemples 1.6 :
1. Let n € N*, proof that n”> + 1 cannot be a square of p € N.
By using the proof by the absurd, we assume that 3p € N such that n> + 1 = p?.
Which implies
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pP—n*=1<=(p—n)(p+n)=1,
As n € N*, then we must take p > 1 so that p — n is strictly positive (> 0). So

n>1
and = ptn=p—n+2n>1+2=3,
p—n>1

then
(p—n)(p+n)>1x3>1,

hence the contradiction.

Direct Proof:
To prove that P —> Q is true, we assume that P is true and show that Q is true.

= Exemples 1.7 :
Proof that if Va,b € QQ, then a+ b € Q. Indeed, let a,b € Q, so :

=*x€Z,yeN* t
{a X y :>a+b:x+ys€<@‘

b=:,s€Z,teN" vt

Hence the result.

1.2 Set Language

1.2.1 concepts

A set [E is a collection of objects called elements.
We call CardE the number of elements of the set [E.
We write x € E to say that: x is an element of E (or that x belongs to [E).
We write x ¢ E to say that: x does not belong to E

We write F C [E to say that: [F is a subset of E, or [ is a part of E or [F is included in
E.
We note by @ the empty set which does not contain any element.

= Exemples 1.8 E = {1,7,5,m,v/7},
CardE=5, meE, {1,5}CE, s¢E, {0,/} ZE.

1.2.2 Operations on sets

Let E and F be two sets, then we present the possible operations between [E and .
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ECF E is included in F ECF<«<=Vx:xeE=—xeF
E=TF [E and FF are two equal sets E=F<«<= (ECF)A(FCE)
xe(EUF) < (x€E)Vv(xel),
EUF The union of £ and F The set that contains
all the elements of £ and [F
xe(ENF)e (xeE)A(xelF),
ENF The intersection of [E and [F the set of elements
which are both in [E and in F
E\F=E—F . xe(E-F)e xcE)A(x¢F),
(E minus F) The difference between E and F the set of elements
of IE which are not in F
ACE .
e 4 _ = | The complement of A in E A=E\A={x:xeEAx¢A}
A°=Cp=A
The symmetrical difference
EAF between F and F EAF = (E\F)U(F\E) = (EUF) — (FNE).
Properties:
Let A, B and C be parts of a set [E, then:
o JUA=A.
o UJNA=0.
e ENA=A.
e AUE =E.
e ACB—ANB=A,andAUB =B8.
e AN(BUC)=(ANB)U(ANC), (The distribution of N on V).
e AU(BNC)=(AUB)N(AUC), (the distribution of U on N).
e (AUB)"=A“NB".
e (ANB)"=A“UB".
e A°NA=g,and A“UA =E.
e JCAVACE.
Set of parts:

E is a set, we denote Z?(EE) the set which contains all the parts of E and we call it set of

parts of .

P (E)={A,ACE}.
If CardE = n, then Card 7 (E) = 2".

Cartesian product
Let E and I be two sets, the cartesian product, denoted E x F, is the set of pairs (x,y)
where x € E and y € I, that is to say:

ExF={(x,y),xeE,yeF}.

Examples: Let A = {1,2,3,4} and B = {4,5}, then
ANB={4}, AUB={1,2,3,4,5}, AB=A—-B=1{1,2}, C4=1{5}
AXB:{(174)7(175)7(274)7(275)7(374)a(375)7(474)7(475)}-
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1.3 Applications

1.3.1 Concepts

1- An application (map) f:[E — F is a relation between a set E and a set F for which
each element x € [E has a unique image f(x) € F. That is to say:

VxeE,lyeF:y= f(x).

[E is called the starting set of the map.

[F is called the arrival set of the map.

(x,f(x)) € I, Tis called the graph of the map.
y is called image of x by the map.

x is an antecedent of y by the map.

]

)

Figure 1.1: Application

e Notation:

f: E — F
x — y=f()

2- Equality: Let f :E — [F and g : E — [, we say that these two applications are
equal if and only if (iff)

Vx e E,: g(x) = f(x).

3- Composition of applications: Let f: E — F and g: F — G, then



1.3 Applications 13

4- Restriction, Extension: Let f:A —+Fandg: B —F.if A C Band if, forall x € A, we
have f(x) = g(x), we say that f is a restriction of g, or that g is an extension of f.
Examples:
1) Identity on a set K is an application defined as follows:

ldg: E — E
x +— ldg(x)=x

2)
fi R — RY

[—
)
=
(oW
oQ

then
gof: R — R
X — gof(x)zg(f(x»:}%

1.3.2 Injections, surjections, bijections
Injective Application (one-to-one)
An application (map) f:E — [ is injective if and anly if (1 or 2):
1.

Vi, X €EE:x#x = f(x) # f()

Vi, X €E: f(x) = f(¥) = x=x

Figure 1.2: Injective

= Exemples 1.9 :

e [df is injective.

e Themap f: R, — Rand f(x) = x? is injective.

e x+— sinx is not injective on R because Z # 2Z but sinZ =sin2f = 1

e x—x” is not injective on R because (1)? = (—1)>but —1 = 1.
fi]=1,+eo[ —]—1,40o and f(x) = 7.
Let x,x’ € |—1,+o0[, we have

1 1

f(x):f(x,)‘:*x_‘_l = vri axt+l=xX+1=x=x

then f is injective.
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Surjective Application (onto)
A map f:E — F is surjective if every element y of IF is the image of at least one element
xof E, ie.:

VyeF, IxeE: y= f(x)

In other words, f(E) =TF.

Figure 1.3: Surjective

= Exemples 1.10 :
e [dp is surjective.
e Themap f: R — R, and f(x) = x? is surjective.

e x+— cosx is not surjective on R because 2 It has no antecedent

o f:]—1,40o[ — R* and f(x):ﬁ

lety e R*:

y=f(x)<=y= @x:(i—l)

then Vy € R*, Jx = (; . 1) €]—1,+oo[: y= f(x)
Then f is surjective.

Bijective Application (one-to-one correspondence)
The application f is a bijective, if and only if, it is both injective and surjective, i.e:

VyeF, 3xeE: y= f(x).
Existence: comes from surjectivity,

Uniqueness: comes from injectivity.
If f is not injective or is not surjective then it is not bijective.
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Figure 1.4: Bejection

s Exemples 1.11 :
e 1) Idg is bijective.
e The application f:R, — R, and f(x) = x? is bijective.
o f:R—]0,4c| and f(x) =¢*
Let x,x’ € R, we have

fx) = f(x) == = x=x

Then f is injective, and let y € |0, +oo] :

y=f(x)<=y=e¢"<=x=Iny

Then f is surjective, so it is bijective.

Corollary 1.3.1 Let K and I two sets and f : E — [F the application, then
f is bijective <= there exists a unique application which we note f~! : F — E such
that

fof™' = Idp, and f'of=1Idg
x = [Tl =y=rk),

Let f the application from E to [F, and g the application from F to G. We have the
following implications.

—If f and g are injectives, then go f is injective.

—1If go f is injective, then f is injective.

—If f and g are surjectives, then go f is surjective.

—If go f is surjective, then g is surjective.

—If f and g are bijectives, then go f is bijective, and (go f)~! = flog .

Image and inverse image

LetACEand M CF.
1. We call image of A by f, the set of images of the elements of A noted:
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fA)={f(x),xeA}CF

f(A)is apart of F,
2. We call inverse image of M by f, the set of antecedents of the elements of M, denoted

M) ={xecE,f(x) eM}CE

f~Y(B) is a part of E,
Formally we have:

VyeF,(ye f(A) &= I e€Ay=f(x))

Vx € E, (xef_](M) — f(x) eM).

s Exemples 1.12 :
f:R—R and f(x)=x°
1. £(0,3]) = {f(x),x€[0,3]} = {x*,x € [0,3]}

(x€0,3]) <= 0<x<3
— 0<x<3
= 0<x*<9(fis increasing)
= f((0,3])=[0,9]

2. £([0,3]) = {f(x),x € [-3,3]} = {x*,x € [-3,3]}

Proposition 1.3.2 Let f: E
lACB= f(A ) f(B).
2NCM= f'(N)cftm).
3 f(AUB) = f(A)Uf(B).

4 f(ANB) C f(A)Nf(B).

=]
o
o]
N
=
o
5
a
<
=
N
=]
=
o
5



1.3 Applications 17
5 FTUMUN) = £ (M) UFI(N).
6 fH(MNN)=fYM)NnfYN).
R CIRIC
Prove:
3. Lety € F, then
[ye f(AUB)] <= 3x€AUB;y= f(x)
— I[((xeA)V(xeB)A(y=r(x)]
— I[((xeA)AN=f(x)V(xeB)A(y=f(x))]
= [A((xeA)A(y=rf(x)]V[Ex((xeB)A(y=f(x))]
— (yeflA)Vvyef(B)
< y€[f(A)Uf(B)
which shows that f(AUB) = f(A) U f(B).
4. Lety €T, then
[y€ f(ANB)] <= Ix€ANB;y= f(x)
— I[((xeA)A(xeB))Ay=f(x)]
— I[((xeA)AN=F)A((xeB)A(y=f(x))]
= [Ax((xeA) Ay =f)]AEx((xeB)A(y=f(x))]
— (e fA)A(yef(B)
= Y€ f(A)Uf(B)

which shows that f(ANB) C f(A)

5. Let x € E, then

[x € f_l(NUM)}

which shows that f~!
6. Let x € E, then

[xe f_l(NﬂM)}

N £(B).

— f(x)eNUM

= (f(x) € ) (f(x) € M)
= (xeftm))vxesr )
— (fo )\/(xef (N))
= x€f ( yusrt ()
(MUN) = =1 (M)U £~ (N).

— f(x)eNNM

— (fx) € ) (f(x) € M)
— (xef M)A (xe fH(N))
— (fo )/\(xef_l(N))
— xef” ( M)nf(N)
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which shows that f~! (MNN) = f~1 (M) f~L (N).
7. Let x € E, then

x o€ UG = fed
= (fx) eF)A(fx) € M)
= (xEIE)/\(xgéf_](M))
e xec, ™

which shows that f~1 (C¥) =l ™).

Remark: The sets Cé(A) and f (Cﬁ) are not always comparable.

1.3.4 Exercises

Exercise 1.3.1:  Let P,Q and R be three logical propositions.
1. Provethat PAQ <= PV Q
2. Prove that [(P = Q)] <= (PV Q). Conclude P = Q.
3. Provethat [([P= Q)A\(Q = R)]|= (P="R).

Solution:
1. Prove that PA Q <= PV Q : By using the truth table

P|Q|PAQ|PANQ|P|Q|PVO
1]1 1 0 [olo] O
1{o] 0 1 [o]1 1
o[1] 0 1 1fo] 1
00| O 1 11 1

We see that the logical propositions (PA Q) and (P V Q) have the same truth
values, so they are equivalent.

2. a) Prove that (P = Q) <— (I_-’\/ Q) : Using the truth table

P/ Q|P|P=Q|PVQ
1[1]0]1 1
1/o]o]o0 0
o111 1
olo|1]1 1

We see that the logical propositions (P = Q) and (P V Q) have the same truth
values, so they are equivalent.

b) Conclusion of P = Q : Using negation to equivalent the previous, we find

(P= Q)<= (PVQ) <= PAQ.
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3. Prove that [(P = Q) A (Q = R)] = (P = R) : Using the truth table

We see that the logical propositions ((P = Q) A
the same truth values, so they are equivalent.

PIOI/R[P—=0Q0|0—=R|(P=0Q0A(Q=R)[P—=R]| =.
1111 1 1 1 1
1[1]0]1 0 0 0 1
1[0][1]0 1 0 1 1
1[0[0]0 1 0 0 1
01 [1]1 1 1 1 1
0(1]0]1 0 0 1 1
0011 1 1 1 1
0(0[0]1 1 1 1 1

(0 =>R)) and (P = R) have

Exercise 1.3.2:

negation.
L ¥xeR ¥y eR:x2 =92 =— x =1y
2. yeNWweN: 2 =y> = x=y.
3. IxeR,dyeR:x=¢"
4. VxeR,dyeR:x=¢".
5. IxeRVyeR:x=¢.
6. VxeR, VyeR:x=¢".

f is a continuous on /.

I) Are the following propositions true or false? and give their

IT) Let f be a function of f : 1 — R: By using logical quantifiers, express the

following propositions:
1. fis abounded.
2.

SN BB =y O B 1 =

Solution:
Ia) True or false? and give their negation.

Is false ( (—x)2 =x> % x=—x,Yx€R)

Is true (x > 0,and y > 0)

Is true ( Easily, 3x=1,3y=0:1=¢°).

Is false (if x <0, thereisno y)

Is false ( for example, Ix = 1,and y =2: 1 # ¢?).
. Is false ( Exponential functlon is always positive )

b) Negation the prev1ous propos1t10ns

IxeR,IycR:x2=y>Ax#y.
IxeN,FyeN:x2=y>Ax#y.
VxeR,VyeR:x#eé.
dxeR,dyeR:x#¢.
VxeR,dyeR:x#¢.
dIxeR,IyeR:x#e.

II) Let f be a function of f : I — R: Using logical quantifiers:
. fisabounded & (Im,M c R,Vxel:m < f(x) <M).
2. fisacontinuouson/ < (Ve > 0,Vx,a € [,36 >0:|x—a| < § = |f(x)

—fla)| <e).
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Exercise 1.3.3: 1) By contrapositive proof, show that:
(x#2D)N(Y#2)=xy—2x—2y+4#0.

IT) Let x,y € Q. Prove the following equivalence:

x+yV3=1<= (x=1andy=0).

Solution:
I) By contrapositive proof, show that

(x#£2)AN(y#2) = xy—2x—2y+4#0.
that’s to say

xy—2x—2y+4=0= (x=2)V(y=2).
We have

xy—2x—2y+4=(x—-2)x(y—2)
then

xy—2x—2y+4=x-2)x(y=2)=0= (x=2)V(y=2).
So

(x#£2)AN(y#2) = xy—2x—2y+4#0.

IT) Let x,y € Q. Prove the following equivalence:
x+yV3=1<= (x=1andy=0).

1. (=) :Using absurd proof: suppose that x+y.4/3 = 1 and x # 1 Vy # 0, so we get
V3= % € Q, this is contraduction. Then

x+y.V3=1= (x=1andy=0).

2. (<):(x=1landy=0) = x+y./3=1+0v/3 = 1 (this is easy).

(x=1landy=0)=x+y.V3=1.
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Exercise 1.3.4:

1. Let F={{1,2},{3,4,5},{6,7,8}}, Which of the following propositions
are true:
a){1,2} CF;b)7€F;c){6,7,8} € F;d) {{3,4,5}} CF;e)@ecF;f)
& CF.

2. LetA;,B be two parts of a set £. Show that:
a) (AUB)® = AN B°.
b) A\ (A\B) = ANB.

Solution:
1. F={{1,2},{3,4,5},{6,7,8}}.
e {1,2} C F is false, because {1,2} is not a part of F.
e 7 € F, is false, because 7 is not an element of F.
e {6,7,8} € F, is true, because {6,7,8} is an element of F.
o {{3,4,5}} CF,istrue, because {6,7,8} is a part of F.
e J € F, is false, because & is not an element of F.
e O C F, is true, because @ is a part of F.
2. LetA;,B be two parts of a set E.
a) Show that: (AUB)“ =A“NB°. Letx € (AUB)“, then
[xe (AUB)] & x¢ (AUB)
& x¢ANx¢B
& x€ANxEB
& x€ANB.
b) Show that: A\ (A\B) =ANB.Letx € A\ (A\B), then
[x € A\ (A\B)] (x€A)A(x ¢ (A\B))
(x € A)A(x € (A\B))
(xeA)NxEA)A (¢ B)
( [
[

x€A)AN[(x¢A)V (x €B)]
(xeA)A(xEA)V[(xeA)A(xeB)]
x€e @|V[xe ANB|

x€EZU(ANB)

x€ (ANB).

I
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Exercise 1.3.5: 1) Let A, B two sets
A= {(x,y) eR?:4x—y= 1},
and
B={(t+1,4t+3),t € R}.

Prove that A = B.
IT) Let A, B and C three sets given, show that

BCACC<<AUB=ANC.

Solution:
I) Prove that A = B.

1. ACB:Let (x,y) €A, with 4x —y = 1, then (x,y) = (x,4x — 1). Replacing X by
t+1 we find

(x,y)=(x,d4x—1)=(t+1,4t+3) € B.

2. BCA:Let (x,y) € B, then there exists r € R such that x =7+ 1 and y = 47 + 3.
So

dx—y=4(t+1)—(4+3)=1= (x,y) €A.
IT) Let A, B and C three sets given, show that
BCACC<+=AUB=ANC.

1. (=): We have
B C A=AUB=A

and

A C C<A=ANC,
then

AUB=ANC.

2. («=): We have
A C AUB=ACANC=ACC
and
B ¢ AUB=BCANC=BCAABCC
then

BCACC.
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Exercise 1.3.6: Let the map(application) f : R — R be defined by:

1 lifl x<0D
f(x):{xj—% if x>0

1. Draw the graph of f.

2. Determine f([—1,1]); F~L({0}); f7 1 ({3 1) 1 (—e0, 1])

3. The map f is it injective (one-to- one) ?1is it surjectlve (onto)?, 1s it bijective
(one-to-one correspondence)?

4. Find the interval for which the map f is bijective, then determine the recip-
rocal map £~ in this interval.

Solution:
1. Determine

o f([-1,1]) = f([~1,0)uf(0,1) = {1} u]L.3] = [L.3].
{0 = {x: f <> 0} = @
{3 ={x S =5 =10

o f1(]—oo, 1) ={x: flx) < } }— ,%L

2. Injectivity, surjectivity and bijectivity.

|—e0,0])
° The map f is rfot}surjective because f(x) = 0, does not accept solutions.
e Finally f is not bijective.
3. Find the interval for which the map f is bijective.
i) f itis injective if and anly if x € [0, +oo].
2i) f itis surjective if and anly if y € [3,+oo].
3i) Then f is bijective if and anly if x € [0, +oo and f(x) € [, +oo].
4. Determine the reciprocal map f~! in this interval.

Fh e — (0,4
y o x=f71(y)

then

So

. The map f is not injective because f(—3) = f(—2), but —2 # —3. or
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Exercise 1.3.7:  Let the following two maps f : R — R and g : R — R? be defined
by:

f(x,y) =xy, and g(x) = (xz,x) ]

1. Study the injectivity, surjectivity and bijectivity of f and g.
2. Find fogandgo f.

Solution:
1. Study the injectivity, surjectivity and bijectivity of f and g.
e Injectivity of f: We have f(2,5) = f(5,2) = 10, but (2,5) # (5,2), then f
is not injective.
e Surjectivity of f: We have Vz € R,3(x,y) € R? : z = xy, take, for example
x =1,y =z. Then f is surjective.
Finally f is not bijective.
e Surjectivity of g: The equation (x*,x) = (1,3) (For example), does not
accept solutions in R then g is not surjective.
e Injectivity of g: Let a,b € R then

[8(a) =g(b)] = (da*.a)=(b*.D)

= (a=b)A(a* =b?)

= (a=b)N(a=bVa=-b)

= [(a=b)A(a=Db)|VI[(a=D)A(a=—b)]
= a=b.

Then g is injective.
Finally g is not bijective.
2. Find fogand go f.
)gof:

gof
—_—

R RELR

and V (x,y) € R, go f(x,y) = g [f(x,y)] = g(xy) = (x*y*,xy) .
ii) fog:

Sfog

-

RS, R2 IR

and Vx € R, fog(x) = f[g(x)] = f(x*,x) = x°.

Additional exercises

Exercise 1.3.8: Let A;,B,C be three parts of a set E. Prove that:
a)P(ANB)=P(A)NP(B).

b) (AUB)xC=(AXxC)U(BxC).
c)BCACC<+—=AUB=ANC.
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Exercise 1.3.9: Let the map (application) f : R* — R? be defined by

fxy) = (x+y,xy)

1. Show that f(x,y) = f(y,x).
2. Find the inverse image (preimage) of the set {(0,1)}.
3. fisitinjective (one-to-one) ?, surjective (onto)?

Exercise 1.3.10: PARTIE I: Let the function f be defined from R to R by:

x—1
Vx S R,f()C) = m

1. Prove that f(a) = f(%) forall a # 1.
2. fisitinjective? is it bijective (one-to-one correspondence)? Justify?

PARTIE II: Let £ be the restriction of f on the interval I = } —oo, <l — \/E)] .

Exercise 1.3.11:
1. Prove that the equation /(x) = m doesn’t admit solutions if m € R\J, where

. T —1
the interval J = {2(\5*1),0{.

2. Prove that A is a bijection from / to the interval J.







s
=r

2.0.1 Internal composition law (1.C.L)

We say that the composition law « is an internal composition law (I.C.L) of a set E if and
only if

V(x,y) EExXE: (x%xy) € E.

= Exemples 2.1 :
1.The law N is an internal composition law of the set & (E) (set of parts of E), because

Y(A,B) € P(E)x P(E):ANB € Z(E).

2. We define on N the law x by nxm = n+ €™, then * is not a law of internal compo-
sition because ¢ ¢ N.

Definitions
Let x and T be two internal composition laws of [E, then:
e The law x is associative if:

V(x,y,z) EEXEXE, (x*xy)*kz=x%(y*z).

e The law % is commutative if:

V(x,y) EEXE, x%xy=yx*ux.

e We say that e is a neutral (an identity) element of the law x if:

JecE, VxeE, xxe=exx=ux.
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e An element x is invertible in E, if there exists X' € [E (called the inverse of x) such
that:

VxeE, W cE:Xvx=xxx'=¢
We say that * is distributive with recpect to T, if: V(x,y,z) € E X E X E,

xx(y72) = (xxy) T(xxz) and (y1z)*x= (x*xy)T(x*x2).

= Exemples 2.2 :
1. Let E a set. we provide Z(IE) by the internal composition law M :
-The law N is associative (ANB)NC=AN(BNC).
-The law N is commutative ANB = BNA.
-The law N accept a neutral element E: ANE=ENA=A
-The law N does not accept an inverse element.
2. We define on Z the law of internal composition Tby nTm =n+m—3
-T is associative
(ntm)Tp=Mn+m-3)Tp=n+m—-3+p-3=n+m+p—6,
nt(mtp)=ntT(m+p—-3)=n+m+p—-3-3=n+m+p—6.
-TisacommutativenTm=n+m—-3=m+n—-3=mTn
-T accept a neutral elemente =3 :n+e—3=n=—e=3
- An inverse element of n with recpectto Tisn' =6—n:n+n'—3=3=—n'=6—n

Proposition 2.0.1 Let x be an internal composition law in E, then following properties
hold:
e The neutral element is unique;
e The inverse of any element x € [E is unique (i.e., x has only one inverse, i.e., if x has
2 inverses then they are equal);
e Forevery x € E, (x’l)_1 =x.
e Foreveryx,y € E, (xxy) ' =y lux1.
Proof. e The neutral element is unique: Let e and s be two neutral elements, then by
the definition we have

/ / / !/ /
e=exe =e xe,and e =exe =e¢ xe,
SO
e=e¢e.

e The inverse of any element x € K is unique: By Definition, let xl_l,xz_ ' be two

inverses of x, which means that x*xfl = xfl *xx = e.and x*x;l = xz’l *X = e.

1 —1 .
Computing x; " *xxx,  we obtain:
—1 —1_ —1 _ 1 (usine that x— %x —
X] *X*X, =exx, =x, (usingthatx xx=e),
and
xy s P =x7 we = x7! (using that xxx; ' =¢)
1 2 =N =X g 2 =€)
So

-1 _ -1
Xl —X2 .
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e Foreveryx€E, (x!) ~! = x: We want to show that the inverse of x~ is equal to
x, then
e = (x_l)fl*x_1 Sxxx = (x_l)*l*x_1
and
e = x 'x (xfl)_l exxx T=x1x (x’l)_l.
So
(x_l)f1 =X.

e Foreveryx,y €, (xxy) ' =y lax1:

1 1 1

(xxy)* (T xxT!) = (xx (yxy D)) ka7 = (exe)xx T =xxx =
In the same way we show that
( -1, .1 _
Yy xx ) x(xky)=e
then we deduce that (x*y) is invertible and that
(xxy) =y Taxl.
|
2.0.2 Group Structure
Groups
Définition 2.0.1 We call a group any group provided with an I.C.L which we note "x",
such that

1. % is associative,

2. % has a neutral element,

3. Every element of G has an inverse with recpect to *.
We denote (G,*) group. If, x is commutative, then (G, *) is called a commutative group
or abelian group.

= Exemples 2.3 :
(R,+),(Z+),(C,+) and (Q*,.) are groups.

Subgroups
Let (G,*) be a group, of the neutral element e and let H C G with H # &. We say that
(HL,«) is a subgroup of (G, *), if and only if

1).ecH,
2).Na,b e H, axbc H,
3).VaeG, acH=a'cH.

= Exemples 2.4 :
(G,*), ({e},*) are subgroups.
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Proposition 2.0.2 Let (G, ) be a group and H C G, then
H +# @

H is a subgroup of G <— { Va.b € H, axb~! €.

Proof. 1. Let H be a subgroup of (G, ), then :

i) e an neutral element in H, then H # &.

ii) Let a,b € H, since H provided with the law « is a group then b~! exists in H and
since H is stable with recpect to x we deduce that axb~! € H.

H+#o
2. Conversely, let H be a subset of G such that { Va.b € H, ax bl cH.

Show that (H, %) is a group.
i) As H # @ then Ja € H and according to the second hypothesis

e=a*xa ' € H,

which shows that the law * accept a neutral element e in H.
ii) Let x € H, since e € H then according to the second hypothesis we will have x~! =
~1

exx €M

which shows that for every element x in H is invertible in H with recpect to the law
to H.

iii) The law  in H is an internal composition law, because for all x and y in H, ac-

cording to ii) we have y~! € H and using the second hypothesis we deduce that xxy =
xx(y"H e H.

iv) The law % in H is associative, because x is associative in G. |

p ) From i) the prove of the previous proposition, we see that: If e is the neutral element

of a group G, then every subgroup of G contains ¢ and we deduce the following
corollary.

Corollary 2.0.3 Let (G, ) is a group and H C G, then

ecH

H is a subgroup 0fG<:>{ Va.beH, axb-' €M

» Exemples 2.5 : Let (G,*) be a group and H = {a € G;a*xx =xxa,Vy € G}, then H is
a subgroup of G. Indeed,

i) If e is a identity element of x, then e € H because : Vx € G, exx=x*xe=x
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?
ii) Leta,bcH,c € G (a*b_l = H), then

(axbV)xe = (axb)x(cH)
= ax* <b_1 * (1) 71) because «is associative,
(et xp)
e

: because b ¢ H

C—l)—l

ax(c
= a*(b*cil
= ax((b7')”
= ax(cxb1)
= (a*c)*bil because xis associative
= (cxa)xb~! because acH

= cx(axb™1) because is associative

hence shows that axb~! € H.
From i) and ii) we deduce that H is a subgroup of G

2.0.3 Ring Structure
Rings
Définition 2.0.2 Let the set A provided with two internal composition laws x.and T We
say that (A, *,T) is a ring if and only if
1. (A,*) is commutative group,
2. T is an associative,
3. T is a distributive on «*,
4. T accept a neutral element.
If T is a commutative, then (A, x, T) is called a commutative ring.
e Let (A,x) be a group, then x has an inverse we denote —x.
e If T has a neutral element, we note it 1 or 1, and we say that the ring (A, x,T) is
unitary
e For all x € A, it is invertiblewith recpect to the second law 7 The inverse of an
element x € A is denoted x~ 1.
e Let (A, *,T) be a commutative ring. We say that y € A — {04} is a divisor of x, if

Jze A—{04}, x=yT2

e If 04 does not have a divisor in A, we say that (A, *, T) is an integrity ring.

= Exemples 2.6 :
1. (R,+, %) and (C,+, x) are rings.
2. Let E be a non-empty set. (Z(E),N,U) is not a ring.

Sub-Rings
Définition 2.0.3 Let (A, x,T) be a ring with 0y is the neutral element of x and 14 is the
neutral element of T. Let H be a subset of A. We say that (H, , T) is a subring of ((A,x, T)
if and only if

1. (H, ) is a subgroup of (A, *),
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2.Vx,ye H, xtye H,
3.14€H

= Exemples 2.7 :
1. (Q,+, x) is a subring of (R, 4+, x).
2. (Z,+,x) is a subring of (Q,+, X).

Proposition 2.0.4 A subset H of A is a subring if and only if:
1. H +# o,
2.Vx,yeH, (xxy 1)eH
3.Vx,yeH, (x1y) € H.

Proof. We know that H is a subgroup of (A, x) if and only if
(H#2)A(Vxy €H, (xxy™') € H),

so for H to be a subring of A, it suffices to see if the restriction of the second law T
is internal in H, It’s enough to show that (Vx,y € H, (xTy) € H), which completes the
proof of our proposition. |

2.0.4 Field Structure
Fields
Définition 2.0.4 Let the set K provided with two internal composition laws x.and T We
say that (K, «, 1) is a field if and only if
1. (K,*,7) is aring,
2. T accept an identity element 1,
3. For every element in K— {e,} has an inverse in K with respect to 7. (Where e, is
an identity element of x)
If T is commutative, then (K, x, T) is called a commutative field.

= Exemples 2.8 :
1. (R,+,x),(Q,4+, x) and (C,+, x) are fields.
2. Let E be a non-empty set. (Z(E),N,U) is not a field.

Proposition 2.0.5 Every body is an integral ring.

Subfield
Définition 2.0.5 We call subfield, of a body (K,*,T), any subset K’ of K such that, pro-
vided with the restrictions of the laws x and T, is a body. K’ C K is a subfield of (K, *,T)
if and only if

1. K # @,

2.Vx,ye K, (xxy),(x7y) € K.

2.1 Exercises

Exercise 2.1.1:  Study the properties (ICL, Commutativity, Associativity, Neutral
element, Inverse element) on E, for the following composition laws *:

. E=Randxxy=x+y—1.

2. E=Zand xxy =x+y—x2y.
(E,x) is it a commutative group?
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Solution:
1. For the first law:

i) ICL: % is an internal composition law in R, because: V(x,y) € R x R x4
y—1lekR.
2i) Commutativity: x is a commutative, because: V(x,y) € Rx R xxy = x+
y—l=y+x—1=yxux.
3i) Associativity: x is an associative, because: V(x,y) € R xR :

(xxy)kz=(x+y—Dxz=(x+y—1)+z-1=x+y+z-2,
and
xx(yxz) =x+(y*xz)—1=x+(p+z—-1)—1l=x+y+2z-2

4i) Neutral element: 3¢ € R,Vx € Rjxxe = exx =1x,
xke=x+e—l=x=e=1.

5i) Invese element: Vx € R,3°x' € Ryxxx =x' xx =1,
xxxX =x+x¥-1=1=x=2—xcR.

Then, (R, *) is a commutative group.
2. For the second law:
i) ICL: * is an internal composition law in Z, because: V(x,y) € Z X Z,x +
y—x*y€eZ.
2i) Commutativity: * is not a commutative, because: V(x,y) € Z X Z,x*y =
x+y—x2y #x+y—yx=y*x.
3i) Associativity: * is not an associative, because: V(x,y) € Z X Z:

() xz= (xky) +2— (xxy)’z= (r+y =) +z— (x+y—2%)’z
and
xx(yxz) =x+(y*z) —x2 (yxz) =x+ (y+z—y%2) —x* (y+z—y%) .

Then (xxy)*z £ x* (yxz).
4i) Neutral element: 3’e € Z,Vx € Z;xxe = exx = X,

xke=x+e—x’e=x=e(l—x*)=0=e¢=0, (totheright)

and

e*x:e+x—e2x:x:>e(l—ex2) =0=e=0. (to the left)

Then e = 0.
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51) Invese element: Vx € Z,3°x’ € Z;xxx' =xX' xx =0,

kX =x4x - =0=—= = 2x ; ¢ 7. (in general)
2

For example for x = +1 or x = 2, does not exist x’ in Z such that +1%x =0
or 2xx = 0.
So x does not accept an inverse on Z. Then (Z,*) does not form a group.

Exercise 2.1.2: We define the composition law x on E = R* x R, by:

Y(a,b),(c,d) € E: (a,b)*(c,d) = (ac,ad +Db).

Show that (IE, ) is a non-commutative group.

Solution:

1) ICL: % is an internal composition law in R* x R, because: V (a,b),(c,d) € R* x
R:aceR* and ad+b eR.

2) Commutativity: % is not a commutative, because: V(a,b),(c,d) € R* xR : ad +
b+#ca+d.

3) Associativity: * is an associative, because: V(a,b), (c,d),(x,y) € R* xR :

{(a,b) *(c,d)} x(x,y) z (acx,acy+ad +D),
(a,b)x{(c,d)* (x,y)} = (acx,acy+ad +D).

4) Neutral element: 3’ (e, f) € R* x R,V (a,b) € R* x R;(a,b) * (e, f) L (a,b) 2z
(e,f)x(a;b),
L) 1 (a,b)*(e.f) = (a,b) = (ae,af +b) = (a,b) = {e=1 and f =0,
and

2) ¢ (e, f)x(a,b) = (a,b) = (ea,eb+ f) = (a,b) = {e=1 and f=0,

then (e, f) = (1,0).
5) Invese element: V (a,b) € R* xR, 3’ (d’,b') € R* x R; (a,b)  (d',}) = (1,0) 2
(d',b")*(a,b),

1 b
é) . (a,b)*(d',b") = (1,0) => (ad',ab’ +b) = (1,0) = {a' = and b’ = —

and

1 —b
i) : (d,b)x(a,b) =(1,0) = (d'a,d'b+b') = (1,0) = {a’ =— and b = —

a
then (d',b') = (1,=2).

a’> a
Then, (E, %) is a non-commutative group.
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Exercise 2.1.3:
1. Let (G, *) be a non-commutative group. Show that the center

C(G)={aeGxxa=axx,Vxe G},

is a subgroup of (G, *).
2. Show that the center A = {(a,0);a € Z} is a subgroup of (Z*,+).

Solution:
1) Show that the center C(G) = {a € G;xxa = axx,Vx € G} is a subgroup of (G, ).
(let e be a neutral element)
(a) C(G) # @, because Vx € G:xxe=exx= e c C(G).

?
(b) Letac C(G):a " € C(G), thenletx € G:
xka ! = exxxa”

= a_l*a*x*a_l

= ail*x*a*afl

= a lxxxe=a"! *X,

thena~!' € C(G).
(a) Leta,b € C(G):axb € C(G), thenletx € G:

xX*xaxb=axxxb=axbxx,

so axb € C(G), and finally C(G) is a subgroup of (G, *).

2) Show that the center A = {(a,0);a € Z} is a subgroup of (Z*,+). (Remark
(0,0) is a neutral element of (Z? +) and (—a,—b) is an inverse element of
(a,b)).

(a) A # &, because (0,0) € A.

(b) Forall (a,0) € C(G) : (—a,0) € A, because —a € Z

(c) Forall (a,0),(b,0) € A:(a,0)+ (b,0) = (a+b,0) € A, because a+b € Z
Finally A is a subgroup of (Z2,+).

Exercise 2.1.4:  We consider on R the following two internals composition laws:
xdy=x+y—1, and xQy=x+y—xy.

1. Show that ® is an associative and a commutative.
2. (R,®,®) is it a commutative ring?
3. (R,®,®) isita field?

\.

Solution:
1 Show that ® is an associative and a commutative. So, let x,y,z € R, then

Xy =x+ty—xy=y+x—yx=yQux,

and therefore ® is a commutative. And for the asociativity, show that x ®
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(Y®z7)=(x®y)®z
xRy)®z = (xQy)+z—(x®y)z
= X+yY+zZI—Xy—xZ—yz+xy2
and
IQ(YRz) = x+(®z)—x(y®z)
= X+Y+I—Xy—XZ—YyZ+X)Z.
Hence the associativity
2 (R,®,®) is ita commutative ring?
(a) (R,®) it is a commutative group ( See exercise 1) ii) ® is an associative
and a commutative.( Question 1)
(b) ® accept a neutral element (so be it ¢’): show that 3¢’ € R,Vx € R;x® e’ =
e @x=x.

dRx=x@e =x+e —x=xs(1-x)=0¢=0,

Then ¢’ = 0.
(¢c) ® is distributive on 6. So, let x,y,z € R, it is enough to verify that
1) @ (xdy)®Rz=x®z)®(HY®2)
and
2) 1 x®@(®z)=(xQy)®(x®2)
and sinse ® is a commutative, so it is enough to verify 1) or 2), then
(x®y)®z = (x®y)+z—(xDy)z
= (x+y—-1D+z—(x+y—1lz=x+y+2z—xz—yz—1
and
x®R2)B(YRz) = (x®2)+(y®z)—1
= x+z—xz+y+z—yz—l=x+y+2z—xz—yz—1
Hence ® is distributive on .
Conclusion: (R,®,®) is a commutative ring.
3 (R,®,®) isitafield
It is enough to verify that there exist an inverse element for all x e R—{e =1}
with recpect to the law ®. So let x € R, 3’x’ € R, such that x@x' =x' ®x =0,

X
x®x’:xl®x:O:>x+xl—xx':O:>x':1 .
—X

Then for all x € R — {1}, accept an inverse element x’ = *~ € R.
Finallywe conclude that (R, ®, ®) is a commutative ring.

Additional exercises

Exercise 2.2.1:  We define the internal composition law A on ), by:

Va,B€Q:alf=(a—1)(B—-1)+1.

(Q,A) is it a commutative group?
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Exercise 2.2.2:  'We consider on R the following two internals composition laws:
xPy=x+y—2, and xQ@y=xy—2x—2y+6.

Show that (R, ®) is a commutative group.

Show that ® is associative and that it accept a neutral element.
(R,®,®) is it a commutative ring?

(R,®,®) is it a body?

L=

Exercise 2.2.3: Let (R,*) be a commutative group, and e it is neutral element.
PART I: Let H = {x € R : x%x = e} a subset of R.

- Prove that (H,*) is a subgroup of (R, x).

PART II: Let the law * defined by:

Vx,y€R; xxy=x+y—2.
And for all n € N*, we pose x!) = x and x("*1) = x(") x x

(a) Calculate 2, x®) and x*).
(b) Prove thatVn e N*: x(") = nx —2(n—1).







ngs of Polynomials

3.0.1 Concepts

In the following, K=R or C
e A polynomial P, is an expression of the form

i=0
P= Za,-X’ =4 X"+ ap X"+ a1 X +ao,

i=n

where n € N, and the coefficients a;,i € {0,...,n}, are elements of K.
e The set of all polynomials with coefficients in K is denoted by K [X].

K [X] = { the polynomials with coefficients in K}.

e A polynomial P € K[X] is said to be zero polynomial if all the coefficients a, are
Zero, 1.e

P=0<=a,=a,_1=---=a1=ap=0
e If a, # 0 then the degree of P is n, and we note deg P = n, so
degP <n<= P =a,X" +ap X"+t a X +ao
e By convention the degree of the zero polynomial is —eo (deg(0) = —eo.)

e If @, = 1, we say that P is the monic (unitary) polynomial.

s Exemples 3.1 1) P, = X® — X +8, is a polynomial in R [X]
2) Py(X) = X*+5X? —iX is a polynomial in C [X]
3) 01 =X0— VX +8, 02(X)=X*+5sin (XZ) — X2X+1 are not polynomials
4) Py = X7 — 8X* + 13 is monic polynomail and deg Py = 7.
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Operations on K [X]
On K [X] we define the following laws, if P = a,X" +a, (X" '+ -+ a1 X +ap,0 =
X"+ by 1 X"V - 4+ b1 X + by, then:

l. P=Q<=a;=b; Vie {0,1,...,11}

2. P£Q= Y (a;xb;))X', and deg(P + Q) = max(degP,deg Q).

i=max(n,m)

i=0 .
3. AP = Y Aa;X', with A € K, and deg(AP) = degP.

=n

k=0 i=0
4. PO= Y Cka such that ¢, = Zaibk_i.(akZO,szn-I-l,kaO,VkZm-I-l),

k=n-+m i=k
and deg(PQ) = deg P +degQ.
5. K[X] is stable for these laws, we say that it is an algebra

x Exemples 3.2 P=X3+1, 0 =X’ —X, then
2P —3Q = —3X> +2X> +3X +2, and deg (2P —3Q) = degg = 5.

and
k=0
X" =X%4+X° —X* — X and deg(PQ) = degP +degQ =S8.
k=8
cg = cs=l,c;=cs=c3=cy=cop=0,andc; = —1.

PO =

Associated polynomials
We say that A and B are associated if, and only if:

Jke K A=kB or B=FKA.

= Exemples 3.3 The polynomials X — 5,2X — 1, —2X + 1 are associated.

Polynomial Division

Theorem 3.0.1 Euclidean division VA,B € K[X]such that B # 0, 30, R € K[X] unique
such that A = BQ + R with degR < degB, or R =0. Q is called the quotient of the
Euclidean division of A by B and R the remainder The rest).

Proof. e Existence: Let B=by+ b1 X+...+b,X? € K[X] be a fixed. The reasoning
is then done by induction on the degree of the polynomial A. The hypothesis of
recurrence at rank n, &(n) is:

VA€ K[X] deg(A)<n, 3(Q,R)€K[X] A=BQ+R et deg(R) < deg(B).

We notice if n < p, then H(n) is true: A =B.0+A. Let n > p and assume the
recurrence hypothes is true for all k < n— 1 and show that then %?(n) is true. The
polynomial A is written

A=ay+a;X+---+a,X", where a, #0.

Let us then consider the polynomial C =A — Z—ZX "~PB. The degree of degC <n—1.
By induction hypothesis we then know that there exists a pair of polynomials (Q, R)
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such that: C = BQ+ R and deg(R) < deg(B). It follows that A = B(Q + Z—ZX"‘P) +R,
with ddeg(R) < deg(B).

e Uniqueness : Suppose that A = BQ +R = BQ' + R’ with degR < degB et degR’ <
deg B Thendeg (R— R') < max (degR,degR’) <degBorR—R' =B (Q' — Q). Hence

deg(Q/ ~ Q) <0= Q' —0=0.

We deduce Q = Q' and R=R'.
B divides A if and only if the rest of the Euclidean division of A by B is zero

polynomail.
|

sExemples3.4 1. LetP=X>—X +2,0 =X>+1 be two polynomail in K [X]. Let

us divide Q by P

x° —x+2|x3+1
P2 2
—x>—x+2
Therefore,

X—X+2 _, —-X’-X+2
X3+1 X341
or equivalently,

X —X42=X*(X’+1)+ (-X*-X+2).

That is A = BQ+ R where Q = X2, and R = —X?> — X +2.
2.

2X4 —X3 +X? +X—1[2x%-3X
—2X4+3x3 X2 4+X+42
2X3 +X?
—2X343x2
4X% +X
—4X?2+6X
7X —1

then 2X* — X3+ X2+ X — 1 = (2X? -3X) (X*+X+2) +(7X —1).

2X34+5X2+7X+8|X2+X +2
—2X3 —2X?—4X 2X +3

3X24+3X+8

—3X2-3X -6

2

2X3+5X2+7X +8 = (X>+X+2) (2X +3) +2.
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Euclidean divisions

Définition 3.0.1 Let A and B two be polynomials in K[X]. We say that A is a divisor of
B, if and only if 3!Q € K[X] such that B = AQ, we note B\A. If, moreover, B is not a zero
polynomial, then Q is unique.

= Exemples 3.5 1. The polynomial X is a divisor of X3 +X.
2. The polynomials X +i,X —i,X + 1 are a divisors of X> +X.
3. Every polynomial is a divisor of zero polynomial.

Proposition 3.0.2 Let A, B and C be three polynomials in K [X], then we have
1. A\B=—>degA < degB.
2. AABAB\C = A\C.
3. A\BAB\A = JA € K;such that A = AB

Proof. 1. A\B=—=-30 € K[X], such that B = QA, then deg(B) = deg(AQ) = degA +
deg Q, since degA < degB.
2. AABAB\C=301,0, € K[X],suchthat B= Q1A and C = Q»Bthen C = 0,01A =
QA, since A\C.
3. AABAB\A — deg(A) < deg(B) and deg(B) < deg(A), since degA = degB. And
e A\BAB\A=—-30,,0; € K[X], suchthat B= Q1A and A = Q,B then deg O, =
degQ; =0, since Q,,Q; are constants.
|

Division according to increasing powers
Theorem 3.0.3 Let A and B be two polynomails in K [X] and k € N*. Then, there exists
unique Q, R € K[X] such that

A=BO+X*R

with, degQ <k, if Q #0.
1. 52X +3X2—-X3 = (142X —X3)(2X — X2 +3X2 4+ X4) + X1 (-4 —X).
2. —14+X+X2=(24X) (3 — X —3X*)+X*1 (3).

Roots of a polynomial

Définition 3.0.2 Let P be a polynomial in K [X] and a € K. We say that « is a root (zero)
of Pif P(ax) = 0.

o is the root of order k (with k € N¥),( or of multiplicity k), if there exists Q € K[X] such
that P = (X — a)*Q with Q(«) # 0.

= Exemples 3.6 X* —1 accept two real roots 1,—1 and accept four roots in C 1,—1,i
and —i.

Proposition 3.0.4 Let P € K[X] and o € K: o is aroot of P if and only X — o divides P.

Proof. Let us carry out the Euclidean division of P by X — at: P = (X — &) Q+ R where the
degR < deg(X — ). Therefore the polynomial R is the zero polynomial or the constant
polynomial, but P(a) = 0, then P(a) = (& — @)Q + R(ar) = R = 0. We deduce the
proposition. |

Theorem 3.0.5 (D’Alembert-Gauss Theorem) Every non-constant polynomial of C[X]
accept at least one root in C.
Corollary 3.0.6 A non-zero polynomial of degree n € N admits at most n roots.
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Reducibility
Définition 3.0.3 We say that a polynomial P (degP > 1) is irreducible if all the divisors
of P are constant polynomials.
Définition 3.0.4 We say that a polynomial P (degP > 1) is reducible if there exists Q,R
€ K[X] such that degQ > 1,degR > 1 and P = QR.
Theorem 3.0.7 The only irreducible polynomials of R[X] are:
e The polynomials of degree 1.
e The polynomials of degree 2 with the discriminant strictly negative .(A = b —4ac <
0).
Corollary 3.0.8 The irreducible polynomials of C[X] are exactly of degree 1.

p) A polynomail is irreducible of R[X], it can be reducible to C[X]. Then, it is clear that
if a polynomial is reducible from R[X], then it is necessarily reducible from C[X].

= Exemples 3.7 e All polynomials of degree "1" are irreducible in R[X] and in C[X].
e The polynomials X> — 1, X?> —3 and X + 1 are irreducible in R[X] and in C[X].
Actually,
X3 -1=X-1)(X>+X+1), and X>*-3=(X—V3) (X—V3).
e The polynomial X2 + 1 is irreducible in R[X], but it is reducible in C[X], because

X2 41=X-)(X+i).

Greatest Common Divisor (g.c.d)

Définition 3.0.5 (g.c.d) Let A and B be two polynomials in K [X] both non-zero, then
there exists a unique unitary polynomial D (not both zero) of greatest degree which divides
both A and B. This polynomial is called the greatest common divisor of A and B and we
note gcd(A;B) = D.

= Exemples 3.8
ged (X7 +3X2 43X +1,X° +2X> 42X +1) =X + 1
Définition 3.0.6 Two polynomials are said to be coprime if their GCD is 1

Euclid’s algorithm
Let A and B be two non-zero polynomials such that degA > deg B. So, Euclid’s algorithm
consists of performing Euclidean divisions until obtaining a zero remainder, as follows

A =BQ; +Ry,

then, we divide B on R;, we have

B=R 0>+R>.

Now, we divide R; on R, we have
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Ry = R,03 +R3,

We continue the divisions: R, on R3, R3 on R4 --- until we obtain a zero remainder,
as follows

Ri—1 = RiQk41 +Riq1; and Ry = Ry1 Qg2

The g.c.d of A and B is Ry 1, that is to say the last non-zero remainder.
As the g.c.d is unique and monic, we take the monic polynomial associated with the last
non-zero remainder of Euclid’s algorithm.

» Exemples 3.9 A =2X*— X3+ X2+ X — 1 and B =2X?%—3X.

2X4 —X3 4+X? +X—1]2x%2-3x
—2Xx*+3x3 X24+X+2
2X3 +Xx?
—2X3+3x2
4X2 +X
—4X?%+6X
7X —1
2XP X2+ X2+ X — 1= (2X*—3X) (X>+X +2) + (7X — 1),
' ~ ~ A ~ / h\,—/
A B 01 R,
and
2X?2 —3X 7X — 1
2 2 2 19
—2X? +:2X x-5
19
- =X
Oy 19
7 49
19
1
2 —19
(2x* —3X) = (7X — 1)(—X—|—2) + (—)
B Rl h,—/
(9} Ry
and
19
X—1]-53
—7X | —3x4®

|
—_

ol
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—19 —343 49
X-D={— ) =2x+—
x-1= (%) (Syx+1a) +0

Ry —— ~- -
Ry 03

Then ged (A,B) = S8R, = 1

Theorem 3.0.9 (1% Bézout’s Theorem) Let A and B be two non-zero polynomials in
K [X]. If D = pgcd(A,B), then there exist two polynomials U, V € K [X] such that AU +
BV =D.

= Exemples 3.10 Find a Bézout relation from the example presented previously:

B = RO+R << B—Ri0O,=R»
< B—-(A-BQ\)>:=R
= —-QA+(1+0102)B=R, =D,

that is to say
U=—0y=—X—-2,et V=(14+010y) =1+ (X —2)(X+2) =X -3

Coprime polynomails
Theorem 3.0.10 (2" Bézout’s Theorem)

Two polynomials A and B are coprime if and only if there exist two polynomials U
and V such that AU +BV = 1.
Theorem 3.0.11 (Gauss’s Theorem)

If a polynomial divides a product of two polynomials and it is prime with one of the
factors, it divides the other.

(A\BC and AAB=1)=A\C

3.0.6 Factoring a polynomial into irreducible
Theorem 3.0.12 Let P € K[X] be a non-constant polynomial, then there exist k € N* and
irreducible polynomials Py, P, - -, B, of K[X], such that

P=pBPMPP”...PX,

where, f € K* and a4, 00, -, 04 € N*. The polynomials Py, Ps,-- - , P, are unique up
to permutation.

= Exemples 3.11 1. Decompose P = X8+ X* + 1 into irreducible factors in R[X], in
C[X].
a In R[X], we have

XBrxt 1=+ 12X =X+ 1+ X)X +1-X?)

also
X*+14+X%) = X2+ 1) -X>=X>+14+X)(X>+1-X)
and
X X241 = (X241)2-3x2= (X2 +1+V3X) (X2 +1-3X),
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Then
P=X>+X+DX>=X+1)(X>+V3X +1)(X>—V3X +1).

b In C[X],we can search for the roots of P in C[X], we have

1+iV3 1—iV3
X2+1+4X = [X+ +2“/_><X+ l\/_>,

2

X241-x = [x-— 1+if><x l_i\f),

S)05)
oo = (xS o5,

X*+1+V3X =

2
Then

ARATNE i e
(e ) - 45

2. Decompose P = X + 1 into irreducible factors in R[X] and in C[X].

a In C[X]. We will search for the complex roots of the form ¢®, as follows
2\ D . .
<e’6) +1=0<=¢"P=_1= e’(ZkH)n,k €.
We can choose
T 2km
50 =2k+1)mkcZ < 0= §+T.
Which implies,
T 3r ST -7 o
o =e€5, m=¢€5, y=¢€5 =—1, ag=¢€'5, as=¢e'5

So, the factorization of X° + 1 is
XS 41=(X+1) <X —ei%) (X—e"%”) (X —e"%") (X —ei(’%") .
b In R[X]: According to the previous method on C, we have
=0, =04, 0z=e"=—1,

then
X+1 = X+1)(X-0) (X —as) (X —0G) (X —ay)
(X+1) (X*— [o5+ 0] X + T505) (X — [0 + 0] X + 0 0ug)

; (x+1) (X2 ~2c0s ()X~ 1) (XZ—ZCOS (%)X— 1) .

Then X3 + 1 is reducible in R
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e A rational fraction in K is written F = g, where P and Q are polynomials in K,
with Q # 0.

e We say that the representative 5 of F is irreducible, if the polynomials P and Q are
coprime.

e Every rational fraction has a unique irreducible representative

= Exemples 4.1 :
_X°-Xx*45
L. F_X3—3X+2'
. . _ xt-x?
2. The rational fraction F = X 3xia

2
accept an irreducible form F = X }(({;1)

Roots and poles of a rational fraction

e We call roots (zeros) of the rational fraction F = g (supposed to be irreducible) the
roots of the numerator P, and poles the roots of the denominator Q.
e We call degree of the rational fraction F = 5 the relative integer:

deg <g) =degP —degQ

) ) ox4ox?
= Exemples 4.2 The rational fraction F = ey

the poles 1, 2.

accept the roots 0,1, —1 and accept

Decomposition into simple elements

Définition 4.0.1 We say that 5 with P x Q # 0 is a simple element iff deg P < deg Q, gcd (P, Q) =
1, Q is an irreducible polynomial.

Simple element in C :

A simple element in C is a fraction of the form ﬁ, where a € C*,b € C and n € N*.
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Simple elementin R :
A simple element in R is a fraction which can have one of the following forms:
1. ~2 -, whereacR*,bcRand neN.

(X—a)
2. (Xzféﬂ—;iﬁ)” where a,b, o, B € R and a®> — 4 < 0, and a, b non-zero at the same
time.
= Exemples 4.3 1. (XS 2’)3 . x43; are simple elements in C
2. (XJZ2)3 , Xi3 are simple elements in C and in R.
3 2X 4 X3 __ are simple elements in R.

T (X24X45)00 (X2—4X+7)2° X243X+5

General method of decomposition
e A rational fraction, of irreducible form F = 5’ with degP > deg(Q, is written
uniquely, in the form:

F=E+§ withdegR < degQ.

E is the integer part and g the fractional part of F.
= Exemples 4.4 :

X +X*+1
S =X+1
X2+1 + +X2+1

Theorem 4.0.1 Let g with degR < deg Q a rational fraction. Suppose Q = Q10 with
gcd (Q1,Q7) = 1. There exists a unique pair (R, Ry) of polynomials such that:

R R1
= with degR; < deg(Q; and degR, < deg(».
0 O Qz
nExemples 4.5 F(X) = xpx =51+ - (in R[X])

Corollary 4.0.2 Any rational fraction & 0 with deg R < deg Q, acceptting a pole of order m
is uniquely decomposed into:
R R Ry

Ry .
— = = — h R R .
0 X—a)"0 X-a + 0y’ with degR; <m and degR, < deg(Q»>

The term (xf—ix)’” is called the polar part of g relative to the pole o

) GEX). G ) GNP ¢ X .
s Exemples 4.6 F(X) = (x+1)2(x2+x+1) = xor T e (in R[X])

Theorem 4.0.3 Let
constants (cy,cz,- -+ ,¢p) such that:

R s Ck
X " Ex_af

(X —a

( )m, with degR < m, a polar part of a pole . There are unique

s Exemples 4.7 F(X) = X% = g1+ -2 (in R[X])
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p
Corollary 4.0.4 Let Q = [ (X — 0;)™ a polynomail. Any rational fraction with denom-
i=1

inator Q and strictly negati;e degree is uniquely decomposed into:
c R s TS
= 27 with Vi e 1,P degR; < m,;.

Practical examples

= Exemples 4.8 :
Research for the polar parts of the rational fraction:

X (x2+1)?
Co(x2-ny

Extract the entire part:

2
X (X*+1 4x3 4x3
G ShE) A S L, SH, @1
(X2-1) (X2-1) X+1)"(X—-1)
Decomposition the fraction G(X) = (X‘;X 31) into simple elements,

1. 1% Method: We have

4x3 4x3

xX2-1)* X+1)x-1)7%

Applying Euclid’s algorithm to polynomials (X + 1)? and (X —1)%:

X+1)2=(X—-1)244X =X (X -2)+1,

then
X+2 X-2
1:(X—1)2L—(X+1)2T.
We deduce
1 B X+2 X-2
(X2—1) 4(X+1)* 4(x-1)7*
Then

4x3  X*+2x3 xt-2x?

X217  (X+1)7?* (xX-1)*
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Calculating the integer part of the two terms:

4x3  XtaxP4x?-x? X4-2xP 4 XP-X?
(X2—1) (X +1)° (X —1)°
COXPX 1) X2 X2(X 1) -X?
(X +1)* (X —1)
x? x?
_ 2 2
= X"- lz_X + 2
(X+1) (X—1)
X? x?

X172 (xX+1)?
X2 2X+14+2X—-1 X?42X+1-2X—1
(X —1) (X+1)°
2X — 1 2X +1
2_1+ 2
(X —1) (X+1)
2X — 1 N 2X +1
X-17% X+1?*

So:
2X —1 2X +1
+ 7 T 2"
(X-1) (X+1)

Decomposition of the polar parts found in the previous example:
2X+1 2 —1

2X+1=2(X—+1)—1; hence = + ,
X+ X+1)2 X+1  (x+1)?

and
2X —1 2 1
2X —1=2(X—1)+1; hence 5 = + 5
x-1n7 X-1 (x-1)

Finally

T S —
X-1 (x-1)% X+1 (x+1)%

2. 2" Method:
The fraction G accepts a decomposition of the form:

a b c d
X) =
G(X) X+1+(X+1)2+X—1+(X_1)2

e Note that G is odd and compare the decompositions of G(—X) and —G(X):

—a b —C d
G(—X) = + + +
(=% X—1 (X—l)2 X+1 (X+1)2
—a —-b —c —d
-G(X) = + + +
(X) X+1 (x+1)? X-1 (x—1)7?
Then
a=c
G(—X):—G(X):>{ b— —d
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e For find b, we multiply G by (X +1)?

4x3 c(X+1)? dX+1)?
(X_—l)z—a(X—Fl)—f—b—I— ~ 1 (X—l)z'

By replacing X with —1, we obtain b = —1, then d = 1.
This method makes it possible to find the coefficient of the highest degree
term of each polar part.

e For find the coefficients a and ¢, we multiply G by X:

(X+1)’G =

4x* _aX | bX X X
(X-17% X+1 (x+1)? X-1 (x-1?%

XG(X) =

By research for the limit of XG(X) in +eo, we obtain:

lim xG(x) =4=a+c, then a=c=2.

X—>-o00

This method makes it possible to find the sum of the lowest degree coeffi-
cients of all the polar parts. Eventually,, we obtain:(a,b,c,d) = (2,—1,2,1).

2 1 2
X—-1 (x-1 X+1 (x+1)*

s Exemples 4.9 :
Decomposition into simple elements

X3
o Xt
(X —-2)4

By divide successively on X — 2:

X3+l = X-2)(X>+2X+4)+9
X 41 _)(2+2x+4+ 9
X-2* (X-2P  (X-2)¥
and
X?42X4+4 = (X—-2)(X+4)+12
X24+2X+4  X+4 L 12
(X-2  (x-2?% (x-2%
and

X+4 1 6
X+4=(X-2)+6 = + :
¥-2) (x-2)* (X-2 (X-2)°

Finally,

1 6 12 9

=yt T T
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= Exemples 4.10 : In C[X].

_3X+1  a L b

X241 X—i X+i

. . . . . . . _ 3—i
Mult?ply both s'1des of the equal‘lty by (X — l) and replac'mg X by z‘, we obtal.n a= 3T+l
Multiply both sides of the equality by (X 4 i) and replacing X by -i, we obtain b = >3-
‘We conclude,
3X+1 3—i 3+i

> = <+ ;

X2+1 2(X+i) 2(X—1i)

F =

4.0.4 Practical decomposition methods

Study plan:
a We put F = g in irreducible form by simplifying by the GCD of the numerator P
and the denominator Q.
b We obtain E and R using the Euclidean division of P by Q.
¢ We factor B into irreducible polynomials.
d We write the literal form of the decomposition into simple elements of F, or of 5.
e We determine the coefficients using various methods.

4.1 Exercises solved

Exercise 4.1.1:
1. Find the polynomials P of degree 3, such that

P0)=1,P(1)=—1,P(—1)=3,P(2) =5.

2. Under what condition on a,b,c € R, the polynomial X* 4 aX? + bX + ¢ is
divisible by X% + X —2?

Find the polynomials of degree 2 such that P’ divides P.

4. (TP) Find the polynomials P of degree 3, such that

2

P(0)=0and P(X +1) — P(X) = X°.

5. The following statements are true or false:
(a) A polynomial of degree 3 is always reducible in R[X].
(b) P is irreducible in R[X], if and anly if degP = 1.
(c) A polynomial P € R[X] of degree 5 accept at least one real root.

Solution:
1.
2. P=aX3+bX?+cX +d where a, b, c and d satisfy the following equations:
d=1
a+b+c+d=-1
—a+b—c+d=3

8a+4b+2c+d =5
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then,

4 10
P=-X’——X+1.
3 3T

3. The rest of the division of X* +aX? +bX +cby X>+X —2 s
R=(b—a—-5)X+2a+c+b6.
For it to be zero it is necessary that
b=a+5and c=—2a—6.
4. The rest of the division of P = aX? 4+ bX +cby P’ =2aX + b is

bZ
R=c——.
¢ da

So the condition is

dac = b?.

b

(TP) P = § (X* —2X° +X).

6. True or False

(a) Is true, because the degree of P is odd number.

(b) (degP =1) = (P is irreducible in R[X]), is true. And (P is irreducible in
R[X])= (degP = 1), is false.

(c) Is true. because the graph of polynomail of degree odd always pass by the
axis (Ox).

Exercise 4.1.2:  Let the polynomial P(X) = X8 + X% +1
1. Show that P does not admit real roots.
2. Pis it an irreducible polynomial of R[X].

Solution:
1. We consider the function

X+— PX) =X+ X*+1.
So, we have
P'(X)=8X"+4x> =X (8x* +4),
then,
PX)=0&X (8X*"+4)=0=X =0.

Since, P(0) = 1 > 0, then graph of P(X) does not pass by the axis (Ox).
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2. As P does not accept any real root but it is of degree 8, then it is the product of
polynomials of degree 2, therefore it is reducible from R[X].

Exercise 4.1.3:  (gcd of polynomials)
1. Determine the D = gcd the following polynomials:
(@ A=X>—X2_X 2andB=X>—2X*4+ X% X2,
b) A=X"+3X44+ X34+ X2 43X +1land B=X*4+2X3+X +2.
2. Find U and V of the previous D, such that AU + BV = D.

.

Solution:
1. The gcd of polynomials:

(a) gcd(A,B) =X -2,
(b) ged(A,B) =X +1.
2. Determination of U and V such that AU +BV =D
@ A(-3X 1) +BEX - - ix ) =x -2
b)) A(-1)+B(X+1)=Xx3+1.

Exercise 4.1.4:
1. Are the following polynomials irreducible in R[X] or in C[X]?

PX)=X3+X*+1, QX)=X+1.

2. Factor these polynomials on R[X], on C[X].

Solution:
1. The polynomials P and Q are irreducibles in R[X] and in C[X], See the exercices
I and 2
2. Decompose P = X8 + X* + 1 into irreducible factors in R[X], in C[X].
a) In R[X], we have

XBrxt 1= +1) X' =X +1+XH) X +1-X?)

also
X*+1+4XY) = X241 -X2=X*+1+X)(X*+1-X)
and
X*-X241 = (X24+1)?-3X2= (X2 +1+V3X) (X +1-V3X),
Then

P=(X>4+X+DX>—X+1)(X>+V3X +1)(X> —V3X +1).
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b) In C[X],we can search for the roots of P in C[X], we have

X2 414X = X+1+2i\/§> <X+1_i\/§>,

2
Calx - [(x- 1—1—1\/_)( 1—1\/‘)

2

X2+14+v3X = X+ 32 )( \/§2+l>
X2+1-v3X = X—‘/gz_’)(x-‘/g;l)
Then .
Po (o) (e 50 (-1 (2159

(o)) ) )

3. Decompose Q = X° + 1 into irreducible factors in R[X] and in Clx].
a) In C[X]. We will search for the complex roots of the form e/?, as follows

<ei9)5—|—1 =0 = 1 =T k7.

We can choose

T 2km
50 = (2k+1)7tk€Z<:>9—§+?
Which implies,
i 3% ST 1x 9%
o =¢€5, mp=¢€5, oyz=¢€35 =—1, au=¢€'5, as=¢

So, the factorization of X° + 1 is
XS41=(X+1) (X-ﬁ) (X-f?”) (X—J?”) (X—e 95”)
b) In R[X]: According to the previous method on C, we have
=0, =04 m=c"=—1,

then
X+1 = X+1)(X-0) (X —as5) (X — ) (X — o)
= (X+1)(X*—[as+05)X + 0505) (X* — [0t + 0] X + 0Gy)

= (X+1) (X2 —2¢0s (5 )X 1) (Xz—Zcos <3§)X—1) .
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Then X° + 1 is reducible in R[X].

X5+1:(X—H)(XZ—Zcos(g)X—l) (X2—2cos <3§)X—1).

Exercise 4.1.5: Let A and B be t wo polynomails such that :

AX) = X7+ X*—3x3—3X2 42X +2 and B(X)=X>+1.

1. Show that (X + 1) divides A(X).
2. Factor A and B on R[X], on C[X].
3. Determine the D = gcd(A, B)

Solution:
1. Show that (X + 1) divise A(X).

(X +1) divise A(X) <= (—1) isarootof A(X) <= A(—1)=0.

Then A(—1) = (—1)° + (=1)* =3(=1)> =3(=1)2+2(=1) +2=0,s0 (X +1)
divise A(X).
2. Factor A and B on R[X], on C[X].

(a) Factorization of A(X):
A is divisible by (X + 1) then by Euclidean division of A on (X + 1) we
obtain the quotient Q(X) = X* —3X? +2.
we assume ¥ = X2, then Q(Y) = Y2 —3Y +2.
Calculation: A: A = 1, then the roots of Q(Y) are ¥; = 1 and Y, = 2. so
0(Y) = (¥~ 1) (¥ ~2).
Donc Q(X) = (X*—1) (X*-2).
Also

X o1=(X=1)(X+1) and X =2 = (X = V2) (X +2).

Finally the factorization of A on R[X] and C[X] is:
AX)=(X+1)* (X -1) (X—\/E) (X+\/§) .

(b) Factorization of B(X):

We note (—1) is a root of B(X), then by Euclidean division of Bon (X + 1)
we obtain the quotient K(X) = X> — X + 1.

Calculation: A: A = —3, then the roots of K(X) in C[X] are X; = % and
X =505 S0 K(X) = (X — 1593 (x - 15053,
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Finally the factorization of B on C[X] is

B(XX)=(X+1) <X— 1+2i\/§> (X— 1_2i‘/§) .

And the factorization of B on R[X] is

BX)=(X+1)(X*-X+1).

3. Determine the D = gcd(A, B):
According to the factorizations of A and B:

AX) =AX) = X+ 12X 1) (X = v2) (x+V2).

BX)=(X+1)(X*—X+1).
We obtain

D=gcd(A,B) =X +1.

Exercise 4.1.6:
1. Decompose the following fractions into simple elements in R[X], and in

C[x]. :

X24 X +1

RX) = W,
3X3 4+ X2+ X +1

£y () 2X4+1

2 - 5
X(X-1P?X24+Xx+1)
X2+1

B(X) = Sy (TP)

2. Calculate the following integral

/3 'R (%) dx.

Solution:
1. Decompose Fp (X) into simple elements in R[X], and in C[X].

X2+X+1

(1°"). Decomposition: Determine a,b, and ¢ of the real numbers such that

X2+X+1  a L b
(xX-1'  X-1 (x-1) (X1
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then
X-1PFR(X) = X>?+X+1
= a(X—12+b(X—1)+c 2 =3,
and
X2 +X+1 _aX2+(b—2a)X+a—b+3j{ a=1
(X —1)° (x—1)° b=3"
Finally,

X>+X+1 1 L3 3
X-17 X1 (x-1)? (x-1)°

. Decompose Fj (X) into simple elements in R[X], and in C[X].

3X3 4 X244 X +1
R (X)= X2 _3X+2

15") . Determination of the integer part: by using Euclidean division of 3X3 +
ger p y g
X24+X+1 by X% -3X + 2, we obtain

3X3 4+ X2+ X +1 16X —13
=X 4T
X2 _3X+2 + +X2—3X+2

(2”d) . Denominator factorization: Factor the polynomial X> —3X +2 in R
X?-3X42=(X-1)(X-2)
(3rd ) Decomposition: Determine a and b of the real numbers such that

16X—13  a N b
X2-3X+2 X—-1 XxX-2

Multiply both sides of the equality by (X — 1), we have

16X —13  b(X—1)

x—2 TTx—a2
for X = 1, we obtain a = —3. And also,

16X —13 16X —13 _ a(X—2)

X-2 = = b
( )X2—3X+2 X -1 X—-1 to,
for X =2, we obtain b = 19. Finally,
334+ X2+ X +1 -3 19
=2X+7+—+—. 4.2
X2-3X+2 * +X—1+X—2 (4.2)

3. Decompose F> (X) into simple elements in R[X], and in C[X].
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(a) InR[X]:

2X4+1
X(X-1?(X24+X+1)

B(X)=

(1°") Decomposition: Determine a, ¢ and b of the real numbers such that

a b cX+d
P (X)=—
2(X) X+(X—1)3+X2+X+1’
then A
2X4 11
XF (X) — s
(X—-17(X2+X+1)
bX CX2—|-dX For X=0
= a+ + — a=1,
xX—17% X2+X+1
2X4+1
X-1)VPBX) =
( ) R (X) X(X2+X+1)
x—1)3 (X +d) (X —1)° Forx—1
x Ut TTxeix — ’
2X4+1
(X*+X+1)R(X) = —+3
X(X—1)
X24+X+1 X24+X+1 _
_ ( + +)+( + —:)+cx+dForX1
X (X—1) and X=2
Finally,
1 1 3X+3
B(X)=

=+ + :
X (x-17 (X2+X+1)

(b) In C[X]: We have

1+i 1—i
X2+X+1:<X+ +2’\/§> <X+ 21\@)

(1°") Decomposition: Determine d,and e of the real numbers such that
3X+3 d e

= -
2 1+iV3 1-iV3
X24X+1  x ey 1s

(d+e)X+1(d+e+(e—d)iv3)
X2+X+1 ’

By identification we find

_3\/§
2

3
e—l—d:E, ande—d = A
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then

d:%<1+i\/§>,ande: <l—i\/§>.

AW

We conclude,

3IX+3  3(1+iV3) N 3(1-iV3)
X2+ X+1 4X+2(14+iV3)  4X+2(1—iV3)

Finally

1 Lo 3(1+iv3) N 3(1-iv3)
X (x-17 4x+2(1+iv3) 4x+2(1—iv/3)

4. Calculate the integral

3 A3X3 4 X2+ X +1
/Fl(X)dx:/ A A dx,
2 3

X?2-3X+2
according to (4.2) we find
/4F (X)dx = /4 X474+ 2 Ny
3 ! T 3 X—1 X-2 x
— [X247X —3In(X —1)+19In(X —2)]
222
= 14+In( ).
—I—n<27)

Additional exercises

Exercise 4.1.7: Let A and B be t wo polynomails such that:
AX)=X"+X*—X3—3X>4+2X 42 and B(X)=X>+1.

1. Show that (X + 1) divides A(X).
2. Factor A and B on R[X], on C[X].
3. Determine the D = gcd(A, B)

Exercise 4.1.8:  Are the following polynomials irreducible in R[X] or in C[X]?
P(X)=X°+1, 0(X)=X"2-1, R(X) =X —Xx*+1

Factor these polynomials on R[X], on C[X].
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Exercise 4.1.9: For n € N, show that the polynomial
P(X)=nX""'—(n+1)X",

is divisible by (1 —X)?.

Exercise 4.1.10:  (gcd of polynomials)
e Determine the D = gcd the following polynomials:
l.LA=X"+X+X+land B=X*+X%+1,
2. A=X04+X*-X?—-land B=X3—-4X +1.
e Find U and V of the previous D, such that AU 4+ BV = D.
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4.2 Final exam.
4.2.1 Exam 1.

Exercise 4.2.1:

negation.

(05pts) Let p, g and r be three propositions mathematics.
1. Determine all cases for which the following proposition is false, and find its

(p=q)=(r=p).
2. Choose the proof method, and prove the following statement:

VnEZn#£0=2"+3#£4

Solution:

Let p,q and r be three propositions mathematics.
e Find all cases for which the proposition (p = ¢) = (r = p) is false, using the
associated truth table

plalr|ip=q|r=p|(p=>q9) =(=Dp)
T[1]1]1 1 1
1T[1]0]1 1 1
1[0[1]0 1 1
1[0/0]0 1 1
O1|1]1 0 0
01|01 1 1
01011 0 0
0/0[0]1 1 1

Then,

So the proposition (p = g) = (r = p) is false in both cases:
— 15" pis false, g is false and r is true. (01)
— 2" pis false, ¢ is true and r is true. (01)
e Negation of the previous statement.

(p=q)=(r=p & (p=9ANr=Dp)

& (p=q)A(rAD).(01)

e The appropriate proof method and Prove

— The appropriate proof method is contrapositive proof.(0.5)
— Prove : (01.5)

VnEZ,n#£0=2"+3#4.

Using contrapositive proof, we prove

(2"+3=4)=3n e Zn=0.

letneZ
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2"+3=4) = 2"=1
= In2"=Inl
= nln2=0
= n=0.
Finally

VneZ,n#0=2"+3+#4.

Exercise 4.2.2: (04pts)
Let the application f be defined by
f: NxR—{-1} —
(n,x) — f(n,x) = 5.

1. Calculate £({1,2} x[0,2]) and £~ ({1}).
2. Study the injectivity and the surjectivity of f.

Solution:
e Calculate f({1,2} x [0,2]) et f~1({1}).
1. f({1,2} x[0,2]). (01)
F{1,21x[0,2]) = {f(n,x): (n,x) € {1,2} x[0,2]}
= {f(1,x):x€[0,2]}U{f(2,x):x€]0,2]},
so forn € {1,2}

£({1,2) x[0,2]) = Bl} 0 Ez] _ Ez}
{1y o

Ty = {1

= {(n,x):x=n—-1}
= {(n,n—1):neN*}.
e Study the injectivity and surjectivity of f.
1. Injectivity: we have for example f(0,0) = f£(0,1), but (0,0) # (0, 1), then
f 1s not injective. (01)
2. Surjectivity: let y € R, then
(a) If y=0, then 3n =0, and x € R\ {—1} such that 0 = 0.
(b) If y # 0, then In € N* and Ix € R, forexamplen =|[y]|+1 € N*, and
= DL 1 e R\ {~1} such that y = 2.

where [ ] : is the integer part function. Then f is surjective. (01)
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-

Exercise 4.2.3: (04 pts)
1. Let (G,*) be a commutative group and e its neutral element. Show that the
set

H={a€G: axaxa=a},

is a subgroup of (G, *).

2. Solve in H the following equation x29%*

= e, where X" = xxxx ... % X.
—_—

n times

Solution:
I Show that the set H = {a € G: axa = a} is a subgroup of (G, *).
i) H=£ &, because exexe =exe =¢e= e € H. (0.5)

?
2i) LetacH:a ' €¢H, thenleta e G :

-1 -1

a *a *a_l

= (axa) 'va ' =(axaxa) ' =a"".

Soa~! € H. (01)
?
3i) Leta,b e H:axb € H, then

*: commutative

axbxaxbxaxb axaxbxaxbxb

= axaxaxbxbxb = axxb.

So axb € H, and finally H is a subgroup of (G, ). (01)

IT Solve in H the following equation X202 — ¢ we have

X2024 = XkXKk... kX =Xk...%kXkX*,kX = Xk...kX*X
e — L —
2024 times 674 x3 times 675 times

= XKk kX AX =Xk AXAX =Xk AXAX=XKk...kXkX
— — — S

225x%3 times 225 times 75x%3 times 75 times
= Xk, kXA kX =XK)k... kX kX =Xkk... kX k,kX*xX
~—— N—— N——

25x3 times 25 times 83 times
= XKk .kXkXAX =XKkXXkXK,X = X*%X.
—

9 times

Then

x*x:e:>x:x_l,

hence the set of solutions is S = {x € H: x=x"'}. (01.5)
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Exercise 4.2.4: (07 pts)
e What is the value of a such that the polynomail

P,=X*+X’+4a

does not accept roots in R. In this case what do you conclude?
e Factor the polynomail P, in R[X].
e Find the D = ged(Py,Q), where Q = X° +X* +2X3 + X% + X.
1. Deduce the factorization of Q in R[X].
2. Find A and B of the previous D, such that AP; + BQ = D.

3. Decompose the fraction % into simple elements in R[X].
Solution:
e  — The value of a such that the polynomail P, does not accept the roots in R.

We consider the function
X+—PX)=X*+X*+a
So, we have

P,

(X) =4X7 +2X =2X (2> +1),
then,
P(X)=0=X=0,

since, P,(0) = a, then graph of P(X) pass by the axis (Ox) if a <0.
Then the polynomail P, does not accept the roots in R if a € |0, +oo[. (01)
xP,(x) Pyeo0oocoP, (0)co
— Conclusion: The polynomail P, does not accept the roots in R, but it is of
degree 4, so it is the product of polynomials of degree 2, (0.5)
e Factor the polynomail P, in R[X] : we have a = 1 so P it is the product of poly-
nomials of degree 2. Then (01)
X*4x241 = (X241)°—x2
= (X*+X+1)(X*-X+1).
e Find the D = gcd(P;, Q), where Q = X° + X* 4 2X3 + X? + X. Using Euclidean
division we find

X2+ X2x34X2+X X4 +X2+1
— X5 -x3 —-x  [x+1
X* +X3+Xx?

—x4 -x2 -1
X3 —1
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X4 +x2 +11x3-1
—x* +X X
X2+ X+1

x3 —1[X2+X+1
—-X3-X2-x |X-1

—X?-X-1

X24+X+1

0

then D = ged(P,Q) = X2+ X + 1. (02)

1. Deduce the factorization of Q in R[X]. Factorization of Q in R[X], from the
above, we get Q divisible byD = X%+ X + 1, then

X+ X 42X+ X2+ X[ X2+ X +1
—X3—x* —x3 X3 +X

X3+X2+X

—X3-Xx2-X

0

And from it we find (0.5)
X4 X 12X 4 X2 X = X(X2+1)(X2+X +1).

2. Find A and B of the previous D, such that AP, + BQ = D: According to the
euclidean division, we obtain

O=X+1)P+(X>—1), and P, =X(X>—1)+D.
Then
D=P —X(Q—(X+1)P)=(-X)0+(X*+X+1)P,.
So (01)
A=(X>+X+1),B=(—X).
3. Decompose the fraction 1% into simple elements in R[X].

0  (X*+X)D  X’+X
P (X2—X+1)D X2-X+1
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and
X3 +X X2-X+1
—-X34+Xx2-Xx  |Xx+1
X2
—X24+Xx-1
X—1
Finally (01)
0 X3+Xx X—1
= 2 7 X4l
P X2-X+1 Tty x o

Exam 2.

r

Exercise 4.2.5: (04pts)
1. Let A and B two parts of a set [E, show that: (ANB)UB® = AUBC.
2. By contrapositive proof, show that: If (n> — 1) is not divisible by 8, so n is
even.

Solution:
1. Show that: (ANB)UB® =AUBC. (02)
Let x ANB)UB <= x€ (ANB)Vx e B

(

(xEAANXEB)V (x€B°)

(xeAVxeB)AN(x€BVxe B

(x e AUB“)A(x € BUB")

(xe AUB )N (x€E)

x€ (AUB)NE

x€AUBC.

2. By contrapositive proof, show that: If (n> — 1) is not divisible by 8, so n is even.
(02)
Let n be odd then Jk € Z such that n = 2k + 1, so

S
—
—
—
—
—

!

n? =4k> 4 4k+1 < n® — 1 = dk(k+1)

it suffices to show that k(k + 1) is even, we have two cases:

If k 1s even then k+ 1 is odd so the product of an even number and an odd number
is even.

If k is odd, then k41 is even so the product is even it is the same reasoning,
(you should know that the product of two consecutive numbers is always even).
Thus k(k+ 1) is even 3k’ € Z : k(k+ 1) = 2k’, hence

n?—1=8k

So n* — 1 is divisible by 8.
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Exercise 4.2.6:  (06pts) Let the composition low * be defined in E =R — {1} by

*: ExE — E
(a,b) +—— axb=a+b—2ab "’

1. Show that % is an internal composition law.
2. Show that (I, ) is a commutative group.
3. Show that H = {0,2, %} is a subgroup of E .

Solution:
1. Show that x is an internal law in E (01),

2
indeed: Va,b € E, a+ b —2ab € E. (that’s to say Va,b € E : a+ b —2ab # %)
we show by the absurd we suppose that a+b —2ab = %, knowing that a # %, and

b#% 1 1
a+b—2ab = §:>(2a—1)(b—§):0
1 1
= aziorb:z

contradiction, so a+ b —2ab = % is false, that is to say a+ b — 2ab # %, and from
itaxb € E, x is an internal law.
2. Show that (IE, ) is a commutative group.
(a) Commutativity (0.5): Leta,b € E, thenaxb=a+b—2ab=b+a—2ba =
bxa, so x is a commutative.
(b) Associativity (01): Let Va, b, c € E, then
(axb)xc = axb+c—2(axb)c
= b4+a—2ab+c—2(b+a—2ba)c
= b+a+c—2ab—2bc—2ac+4bac
and
ax(bxc) = ax(b+c—2bc)
a+ (b+c—2bc)—2a(b+c—2bc)
b+a—+c—2bc—2ab—2ac+ 4bac
= (axb)*c
SO x 1s a associative.

(c) Identity element (01): E?Ie ceE,VaeE:axe=exa=a,
axe = a=—>a-+e—2ea=a
= ¢e(1-2a)=0
— e=0.
so the identity element is e = 0.

2
(d) Inverse element (01): Va € E,3a" ' €E, :axa ' =a 'xa=0,
axa! = 0=a+a '—2aa'=0
-1 _ a

— e
a 2a—1
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so for all a in E, there exist an inverse element ¢~ ! = 5 a“_l cE.
Finailly (E,*) is a commutative group.
3. Show that H = {0, 2, %} is a subgroup of E.
(a) e=0¢cH. (0.5)
(b) (0.5)

0x2=2cH
O*% 3611-]1
2*3_O€H

(c) (0.5)

“l—0eH

( )
2

So H = {0,2, %} is a subgroup of [E.

[\)L»IN O

=2¢€
2 ¢
3€

Exercise 4.2.7: (04pts)
Let the application g be defined by

g: NxN —  Nu{-3,-2,-1}
(n,m) +— g(n,m)=n+m-—3.

1. Calculate g({(1,2),(2,3)}) and g~ ! ({2}).
2. Study the injectivity and the surjectivity of g.

Solution:
o ¢({(1,2),(2,3)}) and g~" ({2}).
1. g({(1,2),(2,3)}). (01)
8({(1,2),(2,3)}) = {s(n,m):(n,m) € {(1,2),(2,3)}}

= {2(1,2),8(2,3)}

= {072}
~({2}). oy
g '{2}) = {(nm):n+m—-3=2}
= {(n,m):m+n=>5nmeN}
= {(0,5),(1,4),(2,3),(3,2),(4,1),(5,0)}
e Study the injectivity and surjectivity of g.
1. Injectivity: we have for example g(0,5) = g(1,4), but (0,5) # (1,4), then
g is not injective. (01)
2. Surjectivity: we have Vs € NU{-3,-2,—1}, 3(n,m) e N:n+m—-3 =
s.(For example n = 0,m = s+ 3)
Then g is surjective. (01)
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Exercise 4.2.8: (06pts)
Let P and Q be two polynomials such that:
POy =X 2X3 X L 2l and QX=X 12Xt X3 X2 L X {2,
1. Find the D = gcd(P, Q).
2. Find the polynomials A and B such that D = AP+ BQ.
3. Factor the polynomails P and Q into a product of irreducible factors in R[X].

Solution:

1. Find the D = gcd(P, Q).
(a) 1%: We divide Q by P, we obtain

Ri(X)=—-X>—X>+3X+2, and Q;(X) = X.
(b) 2"4: We divide P by R}, we obtain
Ry(X)=2X>+4X, and Or(X) = — (X +1).

(c) 3: We divide R, by R;, we obtain
1
R3(X)=X+2, and O3(X) = _E(X —1).
(d) 4"": We divide R, by R3, we obtain

R4(X) = 0, and Q4(X) =2X.

So D =gcd(P,Q) =R3(X) =X +2.(02)
2. Find the polynomials A and B such that D = AP + BQ.

we have
Q=01P+R R =0-0P
P=RiO,+R, — R, =P—RiO>
Ry =R, 03+D D =R, — R0

= D= (1+0203)0+(—01—03—010203)P

SO

1
A = -0 01hd=—7 (X +1) .(0.5)

B = 1+0,03= % (X2 +1).(0.5)
3. Factor the polynomails P and Q into a product of irreducible factors in R[X].
(a) (01.5)
0(X) = X +2x*—x>-2x>4+x+2
(X +2) (X*—x*+1)
= (X+2) (x*+2X>+1-3x?)

_ (X+2)((X2+1)2—(\/§X)2)
= (X+2) (X +VaX+1) (X V3X+1).
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(b) (01.5)
P(X) = X*+2x°-Xx-2
= (X+2)(x*—1)
= X+2)(X—1)(X>+X+1).

Exam 3.

Exercise 4.2.9:  (08pts) Let the composition low ® be defined in G =R — {5}
by

®: GxG — G
(x,y) +— xQy=x+y+3xy "

1. Show that ® is an internal composition law.
2. Show that (G, ®) is a commutative group.
3. Show that H = {O, 1, ’Tl} is a subgroup of G .

Solution:
1. Show that ® is an internal law in G (01.5),
27
indeed: Va,b € E, a+ b+ 3ab € G. (that’s to say Va,b € G : a+ b+ 3ab # ’Tl)
we show by the absurd we suppose that a + b+ 3ab = _Tl, knowing that a # _Tl,
and b # ’Tl

-1 1
a+b+3ab = 5 = (3a+1) (b+§> =0

contradiction, so a + b +3ab = %1 is false, that is to say a + b + 3ab # ’Tl, and
from it a®b € G, ® is an internal law.
2. Show that (G,®) is a commutative group.
(a) Commutativity (01): Let a,b € G, then a®b =a+b+3ab=b+a+3ba =
b®a, so ® is a commutative.
(b) Associativity (02): Let Va, b, c € G, then
(a®b)®c = a®b+c+3(a®b)c
= b+a+3ab+c+3(b+a+3ba)c

b+a+c+3ab—+3bc+3ac+9bac

a® (b®c) = a® (b+c+3bc)
= a+ (b+c+3bc)+3a(b+c+3bc)
= b+a+c+3bc+3ab+3ac+9bac

= (a®b)®c
SO & 18 a associative.
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?
(c) Identity element (01): de € G, Va € G : a®e = e®Ra = a,

aRe = a—>a+te+3ea=a
= e(143a)=0
— e=0.

so the identity element is e = 0.

?
(d) Inverse element (01):Va € G,3a ' € R, :a®a™!' =a '®a =0,

a(}i)cfl = O0=a+ta! —|—3aa*1 =0
f— - —4
3a+1
so for all @ in G, there exist an inverse element a— ! = =% € G.

3a+1
Finailly (G, ®) is a commutative group.

3. Show that H = {O, 1, _Tl} is a subgroup of G.
(a) e=0¢cH. (0.5)

(b) (0.5)
oRl=1cH
0 () =7 €H
19 (7)) =0€H
(c) (0.5)
0-'=0eH
()'=73'€H
(F)'=1em

SoH = {0, 1, ’Tl} is a subgroup of G.

Exercise 4.2.10: (06pts)
Let the application & be defined by

h: NxNxN — Nu{-1}
(n,m,p) > h(n,m,p)=n+m+p-1.

1. Calculate £({(0,1,2),(2,0,3)}) and h=! ({1}).
2. Study the injectivity and the surjectivity of A.

Solution:
h({(0,1,2),(2,0,3)}) and A~ ({1}).
1. A({(0,1,2),(2,0,3)}). (01)
h({(0,1,2),(2,0,3)}) = {h(n,m,p): (n,m,p) € {(0,1,2),(2,0,3)}}

{n(0,1,2),h(2,0,3)}
2,4}
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“H({1}). (o1
' ({1}) = {(nmp):intm+p—1=1}
= {(n,m,p):m+n+p=2,n,me N}
= {(0,0,2),(0,2,0),(2,0,0),(1,1,0),(1,0,1),(0,1,1)}
e Study the injectivity and surjectivity of A.
1. Injectivity: we have for example /(0,0,2) = h(2,0,0), but (0,0,2) # (2,0,0),
then 4 is not injective. (01)
2. Surjectivity: we have Vs € NU{—1}, 3(n,m,p) e NXxNxN:n+m+p—
I =s.(Forexamplen =0,m=s+1,p=0)
Then 4 is surjective. (01)

Exercise 4.2.11: (06pts)
Let A and B be two polynomials such that:
W=—x44oX3| ¥ D andBl=X6 2% x4 ox3 1 x2  ox
1. Find the D = gcd(A,B).
2. Factor the polynomails A and B into a product of irreducible factors in R[X].

\.

Solution:
1. Find the D = gcd(A, B).
(a) 1*": We divide B by A, we obtain

Ri(X)=X>4+3X?4+X—2,and Q;(X) =X>— 1.
(b) 2™ We divide P by R, we obtain
Ry(X) =2X*>+2X —4, and 0r(X) =X — 1.

(c) 3: We divide R, by R,, we obtain

1
Ry(X) =X +2, and Q3(X) = 5X +1.

(d) 4'": We divide R, by R3, we obtain
R4(X) = 0, and Q4(X) =2X.

So D =gcd(A,B) = R3(X) = X +2.(03)
2. Factor the polynomails A and B into a product of irreducible factors in R[X].
(a) (01.5)
B(X) = X®4+2x°—x*—2x34+Xx%42x
= X(X+2)(X*-Xx>+1)
= X(X+2)(X*+2x>+1-3X?)

X+2) ((X2+ 1)° - <\/§X>2>
)

X(
X(X+2 <X2+f3x+1) (Xz—\/§X+1>.
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(b) (01.5)
AX) = X*42x3—x -2
= X+2)(X’-1)

= X+2)(X-1)(X>+X+1).

4.2.4 Exam 4.

Exercise 4.2.12: (06pts)
1. Let p and r be two propositions mathematics, show that the following equiv-
alence:

(p=r)e(p=pAr).
2. Choose the proof method, and prove the following statement:

Vn,m € Z,n #m=2"+2" £32.

Exercise 4.2.13: (06pts)
Let the application f be defined by

f: R — ZxR
x = flx) = (}x],x).

where [.]: is the integer part function.
1. Calculate f({4,=31}) and 71 ({(0,3)}.
2. Study the injectivity and the surjectivity of f.

Exercise 4.2.14: (08pts)

1. Let P and Q be two polynomails
P=X*"—X>+1,

0 =X>+3X*4+2Xx3+/3X*+X.

2. Factor the polynomail P in R[X].
3. Find the D = gcd(P, Q), where
(a) Deduce the factorization of Q in R[X].

(b) Decompose the fraction % into simple elements in R[X].
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